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Abstract 

Tensor representation (TR) for wave function (WF) of three-nucleon 
bound state with the total angular momentum / = 1/2 is discussed. The 
WF in TR has 16 complex components depending on vectors of relative 
momenta. Constraints on the WF imposed by requirements of invariance 
with respect to space inversion and time reversal are studied. Both parity- 
even and parity-odd components of the 3N bound state are constructed 
using 16 scalar functions. The arguments of the functions are magnitudes 
of relative momenta and scalar product of the momenta. With nuclear 
forces being time-reversal invariant these functions are real. The WF 
in TR is converted into an operator form (OF), accounting for parity 
violating contributions. Properties of operator representations for WFs of 
2N and 3N nuclei are compared. 
PACS: 21.45.+V, 27.10.+h, 11.30.Er 
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1 Introduction 

Structure and general properties of the three- and four-nucleon bound state 
WFs were investigated by E.Gerjuoy and J.Schwinger [1] under the assumption 
that the nuclear forces are invariant with respect to the space inversion. Three 
nucleon system of even parity that has the total angular momentum I = h was 
considered in the paper. It was shown that the tritium WF can be obtained 
from the 3N spin state with zero spin in two-nucleon subsystem making use of a 
set of spin-angular operators multiplied by scalar functions. The operators are 
constructed from vectors of the Jacobi coordinates and Pauli matrices of nucle- 
oids. The scalar functions depend on the magnitudes of the Jacobi coordinates 
and cosine of the angle between them. All three-nucleon states 2S+1 £/ = 2 5*1 , 
2 Pi, 4 Pl, and A Di with total orbital momentum L = 0,1,2 and total spin 
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S = i, | that may appear in 3N bound state with I = \ are generated by the 
operator set proposed in [1]. 

Relationship between the OF and the partial-wave decompositions [2] of the 
WF was investigated in [3]. Eight scalar functions, needed to build up the WF, 
were calculated for modern realistic models of nuclear forces. Results of Ref. [3] 
allow one to compute WFs of 3 He and 3 H nuclei in momentum spacc0. 

An OF for the WF was derived in [4] transforming WF [5] in TR, in which 
the WF depends on vectors of relative momenta p and q. Operators [4] and 
corresponding scalar functions ip\(p,q,p '■ q/ '(pq)), where A = 1,...,8, turned 
out to be superpositions of ones employed in [3] . WF in the TR [5] was used in [4] 
to calculate and analyze structure of spin-dependent momentum distributions 
of nucleons and proton-deuteron clusters in 3N nuclei. Earlier (see, e.g. [5,6]) 
one- and two-nucleon mechanisms of 7 3 He — ► pd were studied with WF of 
3 He in TR. 

Parity-conserving nuclear forces and components of WFs with positive par- 
ity were discussed in Refs. [1,3,4]. In this paper we study structure of 3 He and 
3 H WFs in tensor and operator representations for parity violating interaction 
between nucleons. 

In Sect. 2 properties of the WF in TR that can be inferred using space 
inversion and time reversal are discussed. We derive constraints imposed on 
components of the tensor WF by requirement of time-reversal invariance in 
the case parity conservation does not hold. The corresponding linear relations 
restrict the number of independent scalar functions if)\ needed to construct 
the WF in TR and limit the amount of the terms in operator representation 
for the WF. In Sect. 3 we demonstrate that both parity-even and parity-odd 
components of the WF in TR can be built up using real scalar functions ip\ 
with A = 1, . . . , 16. OF for the WF is derived in Sect. 4. Common features in 
structure of the tensor and operator representations for the 2N and 3N bound 
states are considered in Sect. 5. In Appendix A we treat the constraints placed 
on components of the tensor WF by requirement of time-reversal invariance 
in the degenerate case of collinear relative momenta. Scalar functions ip\ are 
expressed through components of the tensor WF in Appendix B. 

2 Tensor Form of the 3N Bound— State Wave 
Function 

In TR [5] WF of the three-nucleon bound states with the total angular momen- 
tum I = \ and its projection m! reads 

* S J m {p, q) = 23A(pq; SM\m\ §m') . (1) 

Indices 23, 1 indicate the choice of the Jacobi momenta and the order nucleon 
spins are coupled. 

Eq. |T]) is written in the center of mass system of the nucleus. The Jacobi 
momenta are 

p=±(k 2 -k 3 ), q = \(2k 1 -k 2 -k3), (2) 

1 The functions can be downloaded from 
http: / /www. phy.ohiou.edu/~elster/h3wave/index. html 
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with k n being the momentum of the nth nucleon (n — 1,2,3). The total spin of 
nucleons 2 and 3 is S. The two-nucleon spin states are defined as 

\SM S ) ee \SM S ) 2 , = Cf^ m3 IWa l5"»3> 3 , (3) 

where C%p is the Clebsch-Gordan coefficient [7]. Vector |§nin) is an eigen- 
state of the nucleon spin operator squared s 2 (n), which belongs to the eigenvalue 
m n of s z (n). 

The isospin formalism is not employed in the present paper. The nucleon 
labeled by 1 is chosen to be neutron (proton) for 3 He ( 3 H) nucleus. In turn, 
nucleons 2 and 3 are protons (neutrons). WF ([1]) transforms under the permu- 
tation (2,3) of identical nucleons 2 and 3 according to 

* S J* m (p, q) = (-l) S *l¥ m (-p, q). (4) 

For a parity violating interaction between nucleons nuclear states are super- 
positions of opposite parity terms 

|*;im')= Y |*;V;^>> ( 5 ) 

JV=0,1 

where V \rn'\ iV) = (— 1)^ l^/; |m'; AT), and? 3 is space inversion. Compo- 
nents 

®i¥ m (p, q; N) = 23tl (pq; SM\m\ \m'; N) (6) 
of WF ([T]), which have definite parity (— 1)^, obey 

* S J Im (p, q- N) = (-l) N *? n ¥ m (-p, -q; N). (7) 

A consequence of (|4]) and is 

*i¥ m (p, q; N) = (-l) s+N *i¥ m (p, -q; N). (8) 

As seen from Eqs. flU, ©, and ©, interchange of identical nucleons and 
space inversion yield relations between components of WF ([T]) with the same 
quantum numbers SMmm' at different points in the space of Jacobi momenta. 

When interaction between nucleons is T-even, the WF fulfills 

*i¥ m (£,q) = (-l) s+M+m - m \^-f (9) 

For time reversal T we follow the convention T\JM) = (— 1) J ~ M \ J, — M), 
where | JM} is an eigenstate of angular momentum operators J and J z . 

Time-reversal invariance of nuclear forces yields for components of the WF 
with definite parity 

q; N) = (_ 1) s+«W^ ($ s, r M,- >1 ^ N) y^ (10) 

where values of WFs are taken at the same point of the p, (f-space. With the help 
of Eq. (|10p components of tensor ^ with m! = — | can be obtained from ones 
having ml — \. Property (fTU]) of the tensor WF was used in calculations [4-6]. 
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It is convenient to regard WF |T]) as a collection of four 2x2 matrices 
<£> 5M (p, q), denned as 

{\m\$ SM (p,q)\\m') = * s J m {p,q), (SM = 00, 1 -1, 10, 11). (11) 

The matrices & SM (p,q) in the same way as the 3N state l^j^m') split into 
parts with definite parity 

S> SM (p,q)= ]T $ SM (p,$N). (12) 

N=0,1 

Constraints (jTUJ) due to space-time inversion symmetries can be written as 

5 = 0: ImSp$(p,g;0) = 0, Re Sp a^(p, q; 0) = 0, (13) 

5 = 1: Re Sp $i(p, q; 0) = 0, Im Sp a^ k (p, q; 0) = (14) 

for parity-even components and 

5 = 0: ReSp$(p,cf;l) = 0, Im Sp a^{p, q; 1) = 0, (15) 

5=1: Im Sp $i (p, q; 1) = 0, Re Sp ct A (g g; 1) = 0, (16) 

for parity-odd ones, where at are Pauli matrices and i, k = x, y, z. We use 
the notations (f; N) for $ s=M=0 (p, (f; AT), and &i(p, <f; AT) for cartesian com- 
ponents of three-vector <I>(p, <f; A^), whose contravariant cyclic components are 
® s=1 ' M (p,q)N). 

Eqs. (|13[) ~ (fll)|) lead to the suggestion on how to gain constraints on WF (Q]) 
when nuclear forces are time-reversal invariant but may violate space parity. 
With the purpose to derive the corresponding relations, that, in contrast to 
Eq. (O, include WF for one set of Jacobi momenta, we construct various in- 
dependent scalar functions <j> v — <j>v(p,q,£) from components of the WF in 

A A 

the TR using tensors Sik , tiki and vectors p , q , a. The functions are labeled by 

A A A A 

v = 1,2,.... We denote £ = p '■ q, where p and q stand for unit vectors pointing 
in the directions of p and q. 

Functions </>„ can be obtained by contracting matrices (llip with W v and W v 
given in Table [TJ The expressions for matrices W v and W v contain axial vector 

A A 

Four scalar functions can be built up from the WF components with spin 
5 = 

tj> u = \S v W v *, (i/ = l,...,4). (17) 

Components of the WF that have 5 = 1 can be used to produce another 12 
functions 

4> v = |Sp W v ■ I, (v = 5,...,16). (18) 

Functions (fTT|) and (|18[) are real provided that interaction between nucleons 
is time-reversal invariant. Requirements 

5 = 0: ImSpW„$ = 0, i/=l,...,4, (19) 

5=1: ImSp W„ ■ $ = 0, i/ = 5,...,16, (20) 
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impose 16 real constraints on 16 complex components ol the tensor ^^r m (p, q)- 
Components of WF ([TJ) with 5 = and 5=1 depend on four and 12 real 
functions ipu = ipuip, q, £)• Thus a set of scalar functions ip v with v = 1, . . . , 16 
can be used to construct a WF of 3N bound state with 1 = \ for parity violating 
nuclear forces that respect time-reversal invariance. 



Table 1: Matrices W v and W v used together with WF ^^¥ m (p,q) for 5 = 
and 1 in (p~T]> and (TT5|) to construct the scalar function cp u . Components 
*m^ m (P> <?! N ) 01 the WF with definite parity P v = {-l) N contribute into JTZJ 
and HHJ 
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Set of matrices W v and W v is not unique. Instead of 0i5 and 0i6 one can 
use, e.g. 

017 = — [v x p 1 • Sp [<7 X $], and 18 = -^-{v x if ] • Sp [<? x $]. (21) 

4i 4i ' 

Since 0„ with v — 15, . . . , 18 obey 

(1 - C 2 )0i5 = -^17 + 018 and (l-£ 2 )0i 6 =-017 + ^18, (22) 

functions 0i7, 0x8 generate no new constraints on the tensor WF. 

The r.h.s. of (fT5)) with v = 8, . . . , 16 can be written as |Sp WikPi^k, where 
i, k = x, y, z. We use the tensor Wik in symmetrical (antisymmetrical) form for 
v = 8, . . . , 11, 13, 14 {y = 12, 15, ... , 18). Consideration of diverse constructions 
for matrices W v , W v or for tensors Wik and respective functions 0„ with v > 16 
does not extend constraint set (fl"9|) and (f20|) . Additional functions, for which 
v > 16, and 0„ with v = 1, . . . , 16 proved to be not independent. For example, 
for Wife = i>iVfc and correspondingly 0ig = |Sp we have 

019 = (l-£ 2 )0 8 - 09 "010 + 2£0 n . (23) 

Restrictions on the WF in TR due to time-reversal invariance are exhausted by 
equations that are generated with the help of the matrices listed in Table [TJ 

Matrices W v and W v presented in Tabled] are chosen to have definite parity. 
Respectively, functions (fT7|) .(|18 p and constraints (fT9|) and ([20| involve even or 
odd components ([6]) of the WF. 
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Positive-parity functions ^^f m {p, q\ 0) with S = and 1 satisfy ^ and pOjl. 
Moreover, these functions obey 

S = 0: ReSpW !/ $ = 0, (i/ = 2,3), (24) 

S = l: ReSpWV$ = 0, (v = 5, 6, 13, . . ., 16). (25) 

Eqs. (fT9|) .(|20 p .([24 | and (f25|) place 24 real conditions on 16 complex components 
of WF ©. So, even WF ^^ m {p, q; 0) depends on eight real functions for 
which we assign A = 1, . . . , 8. This observation conforms to conclusions [3]. 

Negative-parity functions ^^ Im (p,q;l) like $>ffi m (p, <f; 0) meet Eqs. (JTSJ 
and f2"U|. The odd WF components also satisfy (J25) with v = 1,4 and ((5SJ) with 
f = 7, . . . , 12. Taking into account the constraints on parity-odd components, 
we see that these components can be build up using eight real functions 
which we label by A = 9, . . . , 16. 

Eqs. (fTU| or (fT3^) - (fIBl) provide an incomplete set of constraints caused by 
space-time inversion. Really, restrictions on even components 9^f m (fi, <f; 0) 
given neither by (fT9|) with v — 2, 3 nor by (|20|) with v = 5, 6, 13, . . . , 16 stem 
from (JTUJ). Conditions (JTSJ) with v = \A and ([20]) with f = 7, 8, . . . , 12 for odd 
components ^^ lm (p, q; 1) cannot be deduced form (JTUJ) either. 

Set of constraints on components of the tensor WF, which is placed by re- 
quirement of time-reversal invariance, degenerates, and number of independent 
relations between the WF components decreases, when relative momenta are 

A A 

collincar, i.e. p = ±pq. Constraints and structure of the WF for this case are 
examined in | Appendix A.| 

3 Decomposition of the Wave Function over Po- 
larization Operators 

Aiming to elucidate structure of WF |T]), which is a reducible tensor, we decom- 
pose it over the complete system of polarization operators (POs) T KM (s) for 
spin s = |. 

Properties of the POs are discussed, e.g. in [7-9]. We take POs in the 
conventions of Ref. [7]. The contravariant POs are given by 

T KM (s) = (-l) M TW,_ M (s). (26) 
The matrices of the covariant POs are 

(sm\ T KM {s) \sm>) = (2K + 1)1 (2s + 1)~5 C™, KM . (27) 
In terms of matrices (TlTj) the decomposition of tensor WF (JTJ) reads 

$ SM (p,q) = V2 * SM KM>(P,q)T KM 'a). (28) 

K=0,1;M 

Tensor ^> km'(P' ?) * s to De constructed from the Jacobi momenta p and 
q. Component of the tensor with S = K = is a scalar function 

y°°oa(p,q) = Tpi(p,q,0- (29) 
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As above, we denote 0a = ip\(p>QiQ, where A = 1,2,.... The tensors with 
5 = 0, K = 1 or S = 1 K = 0, which are equivalent to three-vectors, can be 
written as 

^"°1M (P> q) = V2 v' M 1p 2 + PM 09 + qM "010, (30) 

§ 1M 00 (£ q) = V2 v' M 3 + P M 011 + q M 012, (31) 

where pseudovector v' M = {p*®> <f} 1M - 

Irreducible tensor product that has rank J of two irreducible tensors Aji m' 
and Bjhm" is [7] 

{ Aji ® £>,/» } /A/ = ^ Cjlff, j,, M , Aj>m> Bjn M „. (32) 

M'M" 

The contravariant and covariant components of (|3^|) are related by (cf. Eq. ([25])) 

{A J ' ® i? J "} JM = (-1) M {Aj, ® Bj»} Jt _ M . (33) 

Structure of the reducible tensor ^> 1M 1M ,(p,q) can be determined from de- 
composition 

® 1M 1M'(P,<1)= E WkMq){lM\T kK (l)\lM'), (34) 

fc=0,l,2; re 

where, similarly to Eqs. (f2"9"]) -(f3"T1). one has 

woa(p,q) = V / 3 4 , (35) 
wim(p, q) = 2?4f ^ - v2pAf 0i 3 - V2g Af 0i 4 . (36) 

Term W2 K (p,q) in (|34p receives contributions from irreducible tensor prod- 
ucts of rank two, which may be quadratic and cubic in relative momenta, 

A A A A A A 

w 2K (p,q) = -{p®p} 2k q} 2K 07-2{#® g} 2K Vs- ^ 

- 2V2{l>(g) v'} 2k 0i 5 - 2V2{(1® v'} 2k 16 . 

Eqs. (|5T |) . ([3"l |) -([37] ) yield for components of the WF that have positive 
parity 

$(p,qiN = Q)=ip 1 +ia-vi/j 2 , (38) 

A A A A 

<£>(p, q; N = 0) = iv jpz + a ijj4 + p (f ■ q ip§ + p a ■ p 

A A A A 

+ q a ■ q 7 + q a ■ p ip 6 . (39) 
Matrices $ M (p, q; N = 0) depend on functions ip\ with A = 1, . . . , 8, where 

04 = 4 -f(06+07 + 2^), 05 = 05 +08: 08 = "05 + 08- (40) 

Other 8 functions ip\ with A = 9, . . . , 16 appear in the negative parity con- 
tributions to the WF. Component ^^f m {p 1 q; N — 1) with zero spin S reads 

<$>(p,$N = l) = a-pip 9 +a- qip 10 . (41) 
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The part of the WF with 5=1 can be written as 

_, A A A A 

+ i(p <J ■ v + v a ■ p ) V15 + i(q o ■ v + v a ■ q ) t/» 16 . 

Eqs. p |l . (pj) . fil]l . and J42]) express WF ^^¥ m (p,q) of 3N bound state 
with total angular momentum J = i in terms of 16 scalar functions tp\(p, <7, £)> 
which are real for T-even nuclear forces. As show in Appendix B, functions ip\ 
are related to <j)\, where A = 1, . . . , 16, by linear transformation. The case of 
collincar vectors p and g, when the transformation has degenerated matrix, is 
discussed in Appendix A. 

4 Operator Form of the Wave Function 

Relation between TR and OFs for the WF can be obtained from decomposition 
l*;V)=E f d 3 pd 3 q ^i¥ m (p,q)\pq;SM^m) 23A . (43) 

SMm 

R.h.s. of (|43|) contains spin states \SM)23 with 5=0 and 1, which are related by 

|lM) 23 = a M (23)|00) 23 , (44) 

where operator c?(23) = i(<?(2) — <?(3)) was introduced in [1]. The covariant 
cyclic components [7] of the vector <r(23) are denoted by <jm (23). With the help 
of identity (j4"4"|) one can cast (|43l) into the form 



|*; X) = J d 3 p d 3 q *(£ q) \pq; S = M = 0, §771)23,1- (45) 

Operator ~i>(p,q) acting in the spin space can be expressed through the 
matrices $ SM (p,q;N), viz., 

*(p,q)= ]T mp,q;N) + $(p,q;N)-a(23)). (46) 



N=0,1 



In Eq. ((H the matrices $ SM (p, g; AT) are given by expressions pS]). (|39]) . (|4Tj) . 
(|4"2"| where o* is substituted by <?(1). 

Representation (|4"6")l can be also derived by means of less formal decomposi- 
tion of ^(p, q) in terms of the cartesian components of the operators <r(l) and 
ct(23) 

(p, q ) = g ; 1) + ^(*„(p, g ; 2) a„(l) + g ; 3) ct„(23)) + 

^ " ( 47 ) 

+ 22^nn'(p,q) (T n (l)cr„/(23), (n.,n' = x,y,z). 

an' 

Scalar <f ; A = 1), vectors ^ n (p, g; A = 2, 3), and tensor ^ nn '(p, g) are to be 
build up in terms of the vectors p, g and scalar functions ip\(p, q, £). 
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In analogy to P9"|) - (f3"Tj) the scalar and the vectors can be written as 



*(p,5;l) = ipi, *(p,g;2) = iv 4> 2 + p ^9 + q ipw, 

( 48 ) 

q ; 3) = iv tp 3 + p -011 + q iptz. 
The second rank tensor can be split into symmetrical and antisymmetrical parts 

*nn' (P,q) = <W 1p4 + Kn> + Kn> • ( 49 ) 

We may take the symmetrical tensor in the form 



*nn'(P> q) = PnPn' lp6 + Qn^n' tp7 + {Putin' + q n Pn>) ^8 + 
+ % (VnPn' +PnV n ')lpl5 + 1 (v n q n > + q n V n ')^16- 



(50) 



Inclusion of terms that contain more than three unit vectors into (|50p leads to 
redefinition of functions ip Ul e.g., adding tensor v n v n i modifies function ip v with 
v = 4, 6, 7 and tp' s . 

The antisymmetrical tensor in (|49p can be given by 

Vnn'iP'f) = ~ ^2 6nn ' 1 ( Vl ^ 5 + ipi ^ 13 + ^ 14 )' ( 51 ) 

l=x,y,z 

Insertion of other terms, for example ie nn >i ei k k> v k p k > or ie nn n eikk> v k q k >, 
into (|5T|) changes ip y with 1/ = 13, 14 leaving structure of the r.h.s. unaltered. 

Operator ^>(p, q) being defined in Eqs. I[47p — (|51j ) conforms to expressions (|38p . 
flHJ), IPJ, and for matrices <5> SM '{p,q; N). 

Representations of the WF in terms of the POs as well as with the use of 
cartesian tensors allow one to relate functions ip\(p,q,^) and components of 
the WF with definite values of total orbital angular momenta. As seen from 
Eqs. I|38p and (|3"9"1) . the 5-state 2 Si originates not merely from ipx—i and "0a=4- 
As far as in Eqs. (f3"9")) or (I49p . ([5H)l symmetrical traceless tensor 

Kn> (P, ?) = Kn> (f, q) - |<W (V>6 + ^7 + 2^8) (52) 

is not singled out, tpx-6,7 and ^1=8 contribute to the 5-state, and through 
tensor ^^ n ,(p, q) these functions are related to P-wave 4 Di. Pseudovector v 
in (|3"8f and (|39|) together with antisymmetrical part of (|39p determine P waves. 
Component 2 Pi depends on ip\=2, while 4 Pi state is due to both ip\=3, and 

Odd components & SM (p,q;N — 1) with spin values S — and 1, which 
contain ?/>a with A = 9, 10 and A = 11, . . . , 14, produce negative-parity 2 Pi and 
4 Pi states, respectively. 

AAA AAA 

The irreducible pseudotensors {p (g> {p (g> q} 1 } 2K an d {q ® {p® <f}i} 2 > 
which have rank two and involve three relative momenta, together with functions 
■0A=15,16 (see Eq. (|3"T]>) generate P-odd 4 Pi components of the WF. 

Eqs. (|46|) and ([47]) can be written as 

A A 

*(p>?)= 2J V'aCP)?.^) u a(p, g), (53) 

A=0,...,16 
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where the spin-angular operators u\ (p, q ) corresponding to the scalar functions 
are separated out. The operators and functions in ([55)) are superpositions of ones 
in Gerjuoy-Schwinger representation [1,3]. 

Another way to get an OF for the WF is to transform decomposition ([4"3]) 
eliminating explicit contribution of the spin state xo = \S = M = 0) 23 • Identity 

<7 M (23) xm> = <W Xo, (54) 

where xm = \S = 1, M) 23 , can be used with this end. Instead of Eq. (|4"5|) one 
has 

|*;|m / >=/' d 3 prf 3 g |p<?) X(p,g) 'XXy, (55) 

where covariant cyclic components of x are Xm, and Xi m = \h m )i • Expres- 
sion for the operator X(p,q) generating 3N-state (|55[) involves 2x2 matrix 
r(p, cf; iV), which comes from the term =0 ' m (p, q) Xo in 



= ^ (f(p,q;N) + i(p,q;N)). (56) 

Parity-even component of T is given by 
f(p,q;N = 0) = (3oi + a 2 -r-a 3 ) _1 X 

x (ai £(23) + a 2 a (23) -pp+a 3 £(23) ■ <q q) ( 57 ) 
+ i/2(5(l) ■ £(23) v + £(23) ■ v a(l)) ip 2 - 

Representation (|57p for T(p, q;N = 0) is not unique. Choice of coefficients 
a,i (i = 1, 2, 3) depends on the purpose of the transformation. 
Parity-odd 2 Pi state 

f(p 1 q;N = 1) = (a(l) ■ (7(23) j?+£(23) • f £(1)) ^ 9 /2+ 

A A ( 58 ) 

+ (£(1) ■ £(23) q + £(23) ■ q £(1)) 4> 10 /2 
originates from (|4ip and contains no ambiguities. 

5 Common Features of Tensor and Operator Rep- 
resentations 

for Deuteron and 3 He Wave Functions 

In calculations of reaction amplitudes, e.g. of 3 He two-body photodisintegra- 
tion, or the momentum distributions of proton-deuteron clusters in 3 He both 
WFs of 2N and 3N nuclei are constructed making use of partial-wave decom- 
positions. The deuteron WF is known [10-13] to contain 2S+1 Lj = 3 5i, 1 Pi, 
3 Pi, 3 Di states when nucleon-nucleon potential includes both V-even and V- 
odd contributions. In the case of a three-body bound state partial-wave series 
involve infinite number of terms [2]. 
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WFs of deuteron and 3 He in the TR consist of 9 and 16 complex components 
regardless of whether nuclear forces conserve parity. The components of WFs 
in the TR are not independent. 

In the center of mass system WF of deuteron with the total angular momen- 
tum J — 1 and its projection M' reads 

<P SM iM>(£) = 23 (PI SM\ <p;J=l, M 1 ) , (5 = 0, 1). (59) 

Nucleons in deuteron have number labels 2 and 3. 

Component of the WF |5^|) with S = can be written as 

<P S= ^M'(p)=Pm'<PCPi), (60) 

where notation cf>( 23+1 Lj) — (j)(p; 2S+1 Lj) is used. 

Tensor S_1 im/(p) is a 3 x 3 matrix, which can be decomposed similarly 
to $? SM KM ,(p, q) over the POs with spin s = 1 (sec Eq. ((Ml))- Coefficients 
in the decomposition, which are denoted by <f>k K (p), where k = 0, 1,2, can be 
constructed as follows 

0oo = \/3 0'( 3 5 1 ), <f> lK = V2p K <t>( 3 Px), 

A A (61) 

<t>2 K = -{p®p} 2k ^Dx). 

Time-reversal invariance of NN interaction implies that the functions <p(p; 2S+1 Lj) 
are real. 

Part of the deuteron WF with S = 1 is 

MM' ( 62 ) 

= A- B </>( 3 Si) + z p- [1x5] ^P^ + A- p B-p4>{*Di), 

where (f>( 3 Si) — <fi'( 3 Si) — <fi( 3 Di)/3, and auxiliary vectors A and B are intro- 
duced for convenience. 

Eq. (|62p can be written in terms of cartesian components 

<f>nn'{p) = ^ <t>nn'(p;N) (63) 
N=0,1 

of the tensor 4* 1M im'(p)- The P-even part of (l6*5|) 

Kn> (p; N = 0) = 5 nn , ^'( 3 5l) + PnPn' 0( 3 ^l) (64) 

is symmetrical in indices n, n' and real. The P-odd contribution to the WF 
originating from l P\ wave (|60p is real, whereas one coming from the 3 P\ wave 
is antisymmetrical and imaginary 

S = 0: MP)=Pn<t>CPi), (65) 

S = l: <t>nn>(p\N =l) = ie nn , lP i^P l ). (66) 

Eqs. (160|) . (f6Tj) and ([64 |) -((65 |) correspond to partial-wave decompositions [10- 
13] of WF ([511). Compact representation (f6"4"|) - (|6"5"|) for the deuteron WF prompts 
us to search for corresponding constructions in the case of 3N and 4N systems. 
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OFs for the deuteron WF can be derived from expressions (|64[) - (j6"6")h Vector 
|0) with cyclic components that coincide with the deuteron state \<f>;J= 1, M) 
is produced according to 



\cj>) = J d 3 p 0(p) \p; S = M = 0)23 (67) 
by operator (j)(p ) acting in the spin space. Axial- and polar-vector parts of 
$(p) = *(23)<t>( 3 S 1 ) + fcl>( 1 P 1 )+ 

( 68 ) 

+ i [ct(23) x p) 0( 3 P!) + a(23) • p p 0( 3 £i) 

spring from parity conserving and violating nucleon-nucleon interaction. The 
operator <fi(p) is applied in |H7|) at the two-nucleon state \S = M = 0)23 with 
zero total spin. In this respect, Eq. (f6"T|) is similar to decomposition in the 
case of 3N nuclei. While transformations of (|67|) under rotations are provided 
by the operator 4>{p ), in the case of 3N bound state, vector | \'m' x ) 1 is responsible 
for the correct properties of \^>; \m') , which is generated by the scalar operator 
$(p,q). 

As seen from (|68|) and (|A.5|) . both the deuteron WF and the S — 1 compo- 
nent of 3N WF for collinear relative momenta depend on four scalar functions 
and possess the same space-spin structure. 

One can get from |H0|) . ((CT|) and (jBTf other representation 

\$) = j d 3 px(p) \p) (69) 

that involves explicitly only the 2N spin states x with S=l. Vector in the spin 
space x(p ) is given by 

x(p) = X<j>(*S 1 ) + \(a{22,)- f> x + a(23) ■ X ) H 1 P \)+ 

+ i [x x f] 0( 3 P!) + x ■ P r> 0( 3 -Di)- 

Identity has been employed to obtain contribution of l P\ state to ([701) . 
Derivation of Eqs. ([6"9"]) and ((70]) does not suffer from any ambiguities in contrast 
to the transformation of the 5* = contribution to the 3N WF that yields the 
matrix T(p,q;N — 0). Really, angular dependence of 1 P\ component (J5D]) is 

determined by only one vector p, and application of the identity is straightfor- 
ward. 



6 Summary and Outlook 

We discuss TR and OFs for WF of 3N bound state with the total angular 
momentum / = i. The WF in TR is a reducible tensor ^^) Im {jj : q ), which 
consists of 16 complex components. Time-reversal invariance implies that these 
components are not independent and yields 16 real constraints imposed on the 
tensor WF. The WF in TR, e.g. of 3 He, can be built up using 16 real scalar 

functions ip\(p, q, p ■ q). 
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Structure of the tensor ^^f m (p, q) is scrutinized with the help of decom- 
positions over POs. Under the assumption that interaction between nucleons 
is T-even, the WF is expressed in terms of 16 functions Eight of them 
with A = 1,...,8 produce parity-even components of the WF. Ones with 
A = 9, . . . , 16 appear for parity non-conserving nuclear forces and cause parity- 
odd admixtures in the WF. Functions ip\ are related to the 3N sates with definite 
values of total angular orbital momenta. 

To gain an OF for the 3N bound state we proceed from the WF in TR. In one 
of the derived OFs the spin-angular structure of the WF is generated by opera- 
tors u\ (p, q ) , where A = 1, .... 16, applied at the spin state \S = M = 0, ^771)23,1 

with zero total spin S in the pair of identical nucleons. The unit vectors p, q are 
combined with the nucleon spin operators to form u\, which are scalars with 
respect to rotations in space of the Jacobi momenta. The operators u\ and 
functions ip\ can be written as superpositions of the respective quantities in the 
Gerjuoy-Schwinger representation [1,3] for the WF. We note that for collincar 
relative momenta components of the 3N WF with S = 1 assume the form which 
is similar to one inherent to the deuteron WF. 

The deuteron WF, which has total angular momentum J = 1, can be con- 
structed from the NN spin states \SM) 23 with total spin either S = or 
S = 1. The OFs for the deuteron WF are equivalent to partial-wave decom- 
positions [10-13]. The obtained OFs differ from Rarita-Schwinger representa- 
tion [14,15]. 

The 3N WF can be also written in the form of an operator X(p,q) applied 
at the state 15 = 1, Af ^771)23,1- The operator X transforms like a vector under 
the rotations. With several ways existing for obtaining contributions from the 
term t/> a =i \S = M = 0, 5771)23,1 to 2S+1 iL/ = 2 S"i component of the WF, this 
alternative OF is not unique. 

In [1,3] and in the present paper the isospin formalism is not employed. 
TR ([TJ turned out [4] to be convenient to derive an OF for the WF taking 
into account isospin degrees of freedom. Explicitly antisymmetrical operator 
representation for the WF within the isospin formalism can be deduced from 
the decomposition |\&) = (1 — (1,2) — (1,3)) where J^/' 1 ') is taken in an 

OF. Transpositions of nucleon quantum numbers in momentum, spin and isospin 
space are denoted by [i, j). Being represented in one of the above discussed OFs, 
vector I'I'W) meets the requirement (2, 3) l^ 1 )) = — l^ 1 )), which provides 
antisymmetrization of the 3N bound state. 

Other approach that allows one to arrive at evidently antisymmetrical WF is 
widely known [16-19]. The WF can be built up from functions W v '(p, q ), spin, 
and isospin states that belong to irreducible representations (y = symmetrical, 
antisymmetrical, and mixed) of the symmetric group S3. The corresponding 
expressions for the P-even WF remain unaltered when effects of parity violation 
are incorporated, while functions <f) are to be modified with the aim to 

include V-odd contributions. 

Owing to progress in calculations [20-22] of WFs for three-nucleon bound 
states with realistic nuclear forces, one can hope that the 3N nuclei provide 
an important test laboratory for studying various processes due to neutral or 
charged weak currents. Both TR and OFs for the WFs are convenient for 
analysing qualitative features of corresponding matrix elements and could be 
useful, e.g. in studying parity-odd spin-dependent momentum distributions of 
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nucleons in polarized 3N nuclei, anapole moments of the nuclei, observables in 
parity- violating electron scattering on 3 He. 

Appendix A. Tensor wave function in the case 
of collinear relative momenta 

Number of independent constraints imposed on the WF in TR decreases when 
vectors of relative momenta are parallel or antiparallel. Under conditions, when 

A A 

p = ±pq, one polar and one axial vectors q and a are available to construct 
matrices W v and W v . 

A 

Below we discuss the case p = pq. One can build up 6 independent scalar 

A A -.A 

functions </)„(p, g, 1) using q, a, 3>(pq,q) and &(pq,q). We define (j> u according 
to dTTJ) with v = 1,2 and via (TH} with v = 5,8,9,15. Matrices W v and W v 
in (JTTJ) and (fT5|) are taken from Table [T] Time-reversal invariance yields con- 
ditions l|19jl with v = 1,2 and (|20j) with v = 5, 8, 9, 15 that are to be placed on 

WF ^ S J Im {p A q,q). 

A 

Tensor WF ^^f m (pq,q) has simple structure in a coordinate system, in 

A 

which z-axis directed along the vector q. Considering arbitrary rotations about 
the 2-axis we can see that 

*™ m (pi<t)~S M+m<m >. (A.l) 

WF (lA.ip may take nonzero values for quantum numbers 

5 = 0: mm! = \\,-\-\, (A.2) 

5=1: Mmm! = 1 0-± -|, -l\ -\. (A.3) 

Six complex components of WF (|A.1[) with quantum numbers (|A.2[) and (|A.3|) 
satisfy six real conditions. So, WF (jA.ip depends on six real scalar functions. 
From f38 ll -(|42 ]) we get 

A _ A _ 

5 = 0: $(pq,q) =ipi+B- q (A.4) 

_» A _AA_A_ A_ 

5=1: §{pq,q) = a tp^ + q a ■ q ip§ + q tpn +i[a X q ] ^13, (A. 5) 

where tp v = ip v {p, q) and v = 1, 4, 6, 9, 11, 13. 

One can express Vv through components of tensor WF (|A.1|) via i/v = 
4> v (p, q, 1), where i/ = 1, 9, 11, 13 corresponds to v = 1, 2, 5, 15, and 

^4 = 5(08-^9), V'e = 2 (-<fo + 3^9). 

Functions (f)^(p,q,l) are given by (fT7j) with 1/ = 1,2 and by (jTSJ) with ^ = 
5,8,9,15. 

Properties of the WF for antiparallel vectors p and <f are the same as in the 
case of parallel relative momenta treated above. 
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Appendix B. Relations of functions ijj v to com- 
ponents 

of the tensor wave function 

In this Appendix scalar functions tj) v (j),q, £), used to construct the 3N bound 
state WF by means of ((38|) "([42 |) . are written as superpositions of <j> v (j>,q,£)- 
The latter can be related to *^ /m (p, q) with the help of ((TTJ) and ([IS]). 

Aiming to express functions ip u through <j> v , we insert (J3H)), (jlTj) into (fTT|) 
and (j3U|) , (jl2")) into (fT8"|) . Matrix [7 of linear transformation <j> v i — ^ y ^v'u^vi 
where v, v 1 = 1, . . . , 16, has diagonal-block structure and is degenerated when 

A A 

p = ± <f . The case of collinear relative momenta is discussed in |Appeudix A.| 
Here we consider the inverse transformation when £ =/= ±1. 

We have ipi — <j>i and (1 — £ 2 )0>i, = <j> v ', where v' = 4, 7 correspond to 
v = 2,3. 

Functions ?/v with i/ = 4, . . . , 8 depend on <p v i with z/ = 8, . . . , 12 

(1-£ 2 )^4 = 019, (B.l) 

(i - e?^ = e(i - a<fe - 2£(^ 9 + <m+ 

+ (l + 3£ 2 )0 n + ^(l-£ 2 )0i2, (B.2) 
(1 - £ 2 ) 2 ^ 6 = -(1 - £ 2 )0 8 + 20 9 + (1 + e 2 )0io - 4^ii, (B.3) 
(l-e 2 )07 = (l-e 2 )V^6-09 + 0io, (B.4) 

(i-e 2 )08 = (i-e 2 )v^-0i2, (b.5) 



where 4>\q is defined by J23J). 

Relations between the functions that determine parity-odd component of 
the 3N bound state can be written as 

(l-e)A^ = GB^ /i=l,...,4, G=(_ 1 ? -«). (B.6) 

Vectors , £? M are given in Table [U 



Table 2: Vectors A„ and B„ used in Eqs. (|B.6|) that relate function t/>„ and 



with v = 9, . . 
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